Abstract. Let H(X) := (R ×X
Groups of Heisenberg Type
Recall that the classical real 3-dimensional Heisenberg group can be defined as a linear group of the following matrices:  This group is isomorphic to the semidirect product (R×R) R of R × R and R. We need a natural generalization (see, for example, [14, 12, 7] ) which is based on biadditive mappings. Definition 1.1. Let E, F and A be Hausdorff abelian topological groups and w : E × F → A be a continuous biadditive mapping. Denote by
H(w) = (A × E) F
the semidirect product (say, the generalized Heisenberg group induced by w) of F and the group A × E. The resulting group, as a topological space, is the product A × E × F . The group operation is defined by the following rule: for a pair u 1 = (a 1 , x 1 , f 1 ), u 2 = (a 2 , x 2 , f 2 ) define u 1 · u 2 = (a 1 + a 2 + f 1 (x 2 ), x 1 + x 2 , f 1 + f 2 ) where, f 1 (x 2 ) = w(x 2 , f 1 ).
Then H(w) becomes a two-step nilpotent Hausdorff topological group. We identify E with {0 A } × E × {0 F } and F with {0 A } × {0 E } × F . 
Relatively Minimal Subgroups
First we need some definitions concerning the minimality concept.
Definition 2.1. Let X be a subgroup of a Hausdorff topological group (G, τ ). We say that X is relatively minimal in G if every coarser Hausdorff group topology σ ⊆ τ of G induces on X the original topology. That is, σ| X = τ | X .
Equivalently, X is relatively minimal in G iff every injective continuous group homomorphism G → P into a Hausdorff topological group induces on X a topological embedding. In particular, every faithful (that is, injective) weakly continuous unitary representation G → Is(H) for an arbitrary Hilbert space H induces a topological group embedding (say, a topologically faithful representation) of a relatively minimal subgroup X.
A minimal group in the sense of Stephenson [17] and Doïchinov [5] is just the group G such that G is relatively minimal in G. Recall some natural examples of minimal groups: the full unitary group Is(H) (with the weak operator topology), the symmetric topological group S X , Z with p-adic topology, the semidirect product R n R + , every connected semisimple Lie group with finite center (e.g., SL n (R)). Note that if G is a locally compact abelian group with the canonical mapping w : G × G * → T, then the corresponding generalized Heisenberg group H(w) = (T × G) G * is minimal [7, Theorem 2.11] . Hence, every locally compact abelian group is a group retract of a minimal locally compact group. For more information see [3, 4, 6, 7, 8] .
The following result seems to be new even for the classical 3-dimensional group H(R). Proof. Let τ be the given topology of H(X) and suppose that σ ⊆ τ is a coarser Hausdorff group topology on H(X). Denote by X × X we get σ| X = τ | X and σ| X * = τ | X * . This will mean that X and X * are relatively minimal subgroups in H(X).
Assuming the contrary there exists a coarser Hausdorff group topology σ on H(X) such that q : (H(X), σ) → X × X * is not continuous. Since (H(X), σ) is a Hausdorff topological group, one can choose a σ-neighborhood V of the neutral element 0 :
Since the homomorphism q is not σ-continuous (at 0), there exists a positive δ such that q(U ) is not embedded into the ball
As we already know, q(W ) is not a subset of B((0
Then by the definition of the group operation in H(X) we get t
Then there exists a sequence S := {u n := (a n , y n , φ n )} n∈N in U such that at least one of the sets A := {y n } n∈N and B := {φ n } n∈N is unbounded. Suppose first that A is unbounded. The intersection
On the other hand, for every u n = (a n , y n ,
. This contradicts our assumption.
The case of unbounded B = {φ n } n∈N is similar. Indeed, observe that we have
for every u n ∈ S and every x := (0, x, 0 X * ) ∈ V X . As before, this implies that
Note that the subgroups X and X * being relatively minimal in H(X) are not however minimal because every abelian minimal group necessarily is precompact (see, for example, [3] ).
3. An Application: Shtern's Question
Let Is(X) be the group of all linear isometries of a Banach space X. Note that by [10] the strong and weak operator topologies on Is(X) coincide for every reflexive X. For some related recent results about infinite-dimensional representations of general topological groups we refer to [13] .
As an application of our results we prove the following theorem which answers the A. Shtern's question [16] We claim that the desired group G is the Heisenberg group of the canonical bilinear mapping w :
First we prove assertion (a) of Theorem 3.1. 
Lemma 3.2. Weakly continuous unitary representations of the generalized Heisenberg group G := H(L
has the DLP.
We collect here some auxiliary facts. 
Then for every pair of bounded subsets

Proof. (3):
There exists a real number r such that a n,m ∈ [−r, r] for every n, m ∈ N. Consider the sequence {v n } n∈N , where v n := (a n,1 , a n,2 , . . . ). Every v n can be treated as an element of the compact metrizable space [−r, r] N . We can choose a subsequence {v i n } n∈N which converges to some v :
Then lim n a in,m = t m holds for every m ∈ N. Since {t m } m∈N is bounded we can find a sequence j 1 < j 2 < · · · and a real number c 1 ∈ [−r, r] such that lim m t jm = c 1 . It follows that c 1 = lim m lim n a in, jm . Now starting with the double sequence {a i n , j m } n,m∈N we obtain by similar arguments (switching the roles of n and m) its double subsequence such that the second double limit c 2 also exists.
(4): Let f n and a m be two sequences respectively in F and A such that c 1 = lim m lim n f n (a m ) and c 2 = lim n lim m f n (a m ). By the reflexivity, the subsets F and A are relatively weakly compact in X * and X respectively. EberleinSmulian theorem implies that F and A are relatively sequentially compact with respect to the weak topologies. Hence there exist a subsequence f in of f n and a subsequence a j m of a m such that the weak limits lim n f i n = f and lim m a j m = a are defined in X * and X. Since the map (X, weak) × (X * , weak * ) → R is separately continuous we obtain Note also that by [9] 
This function separates the neutral element 0 = (0, 0, 0) from closed subsets 0 / ∈ A in G. So, by Lemma 3.3.2, it suffices to establish that φ is wap. Assuming the contrary holds true we get by Lemma 3.3.1 that φ does not satisfy the DLP. Therefore there exist two sequences u n = (a n , x n , p n ), v m = (b m , y m , q m ) in G such that for the double sequence
We can assume without loss of generality (up to the subsequences) that all sequences a n , x n , p n , b m , y m , q m are bounded. Indeed, if one of the sequences above is unbounded, passing to appropriate subsequences, we get that the corresponding double limits both are zero. Actually we can and do assume that the sequences a n and b m converge in R. . But this function is positive definite on L p for every 1 ≤ p ≤ 2 by a classical result of Shoenberg [15] . On the other hand every continuous positive definite function on a topological group is wap (see [2, 
